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NEW UNIVERSAL ESTIMATES FOR FREE BOUNDARY PROBLEMS
ARISING IN PLASMA PHYSICS
DANIELE BARTOLUCCI(†) AND ALEKS JEVNIKAR
Abstract. For Ω ⊂ R2 a smooth and bounded domain, we derive new universal estimates for
free boundary problems on Ω arising in plasma physics. More precisely, the goal of this paper
is twofold: first, we show an explicit bound for the L∞-norm of positive solutions; second, we
obtain explicit estimates for the positivity threshold of the boundary values. This yields also
explicit conditions which guarantee that there is no free boundary inside Ω. At least to our
knowledge, these are the first explicit estimates of this sort in the superlinear case.
Keywords: Free boundary problems, plasma physics, universal estimates.
1. Introduction
Letting Ω ⊂ R2 be an open and bounded domain of class C3, we consider the free boundary
problem 

−∆v = (v)p+ in Ω
−
∫
∂Ω
∂v
∂ν
= I
v = γ on ∂Ω
(F)I
for the unknowns γ ∈ R and v ∈ C2,r(Ω ), r ∈ (0, 1). Here (v)+ is the positive part of v, ν is
the exterior unit normal, I > 0 and p ∈ [1,+∞) are fixed. Up to a rescaling, one can always
assume without loss of generality that |Ω| = 1 and, as far as p > 1, that (v)p+ is multiplied by
any positive constant.
The problem (F)I arises in Tokamak’s plasma physics and we refer to [28, 36, 46] for a physical
description of the problem. A systematic analysis of (F)I has been initiated in [12, 46, 47]. In
particular, the authors in [12] considered the problem with a more general non-linearity and
showed that for any I > 0 there exists at least one solution of (F)I . For old and new results
about (F)I for p > 1, see [1, 3, 4, 6, 23, 32, 33, 34, 35, 38, 44, 48, 49, 50, 51], while for the model
case p = 1, see [14, 15, 20, 21, 24, 39, 40, 41, 42]. For the last developments about the unique-
ness of solutions and about the qualitative behavior of the branch of solutions via bifurcation
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analysis, see [9]. For what concerns the regularity of the free boundary we refer for example to
[22, 30, 31]. Finally, for a closely related problem we refer the interested readers to [11, 16, 43]
and references quoted therein.
We will be here mainly concerned with positive solutions of (F)I , which are related to the
following dual formulation of (F)I introduced in [12, 47],

−∆ψ = (α+ λψ)p in Ω∫
Ω
(α+ λψ)p = 1
ψ > 0 in Ω, ψ = 0 on ∂Ω
α ≥ 0
(P)λ
for the unknowns α ∈ R and ψ ∈ C2,r0,+(Ω ). Here, λ ≥ 0 and p ∈ [1,+∞) are fixed and for
r ∈ (0, 1) we set
C
2,r
0 (Ω ) = {ψ ∈ C
2,r(Ω ) : ψ = 0 on ∂Ω}, C2,r0,+(Ω ) = {ψ ∈ C
2,r
0 (Ω ) : ψ > 0 in Ω}.
Indeed, the relation between the dual problems (F)I and (P)λ is as follows. Take q such that
1
p
+
1
q
= 1.
For any fixed λ > 0 and p > 1, (αλ, ψλ) is a solution of (P)λ if and only if, for I = Iλ = λ
q,
(γI , vI) = (λ
1
p−1αλ, λ
1
p−1 (αλ + λψλ)) is a non-negative solution, i.e. with γI ≥ 0, of (F)I . There-
fore, in particular, if (γI , vI) solves (F)I then (αλ, ψλ) = (I
− 1
p γI , I
−1(vI − γI)) solves (P)λ and
the identity I
− 1
p vI = αλ+λψλ holds. Finally, observe that for p = 1 (P)λ is already equivalent to
a more general problem than (F)I and solutions of (P)λ correspond to non-negative solutions
of (F)I where the first equation is replaced by −∆v = λ(v)+.
We point out that since |Ω| = 1 and λ ≥ 0, then any solution (αλ, ψλ) of (P)λ satisfies
αλ ≤ 1,
and the equality holds if and only if λ = 0, for which (P)λ admits a unique solution ψ0 satisfying

−∆ψ0 = 1 in Ω
ψ0 = 0 on ∂Ω.
(1.1)
Finally, we introduce
ℓ(Ω) =
1
2π
|∂Ω|2 − 1, (1.2)
which, by the isoperimetric inequality, satisfies
ℓ(Ω) ≥ ℓ(D) = 1.
Here and in the rest of this paper D will denote the two-dimensional ball of unit area. We will
state the main results in terms of (P)λ, keeping in mind the above discussed equivalence with
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(F)I . It is known by [12] that the solutions of (F)I and (P)λ are uniformly a priori bounded.
However, such bound is obtained by standard elliptic estimates and bootstrap arguments and
thus explicit estimates were missing so far. Our first goal here is to derive universal (independent
on Ω and depending only on the exponent p) explicit estimates for the L∞-norm of solutions of
(P)λ.
In the same spirit, our second result is about universal explicit estimates for the threshold value
for the strict positivity of the boundary values. This yields also new conditions which guarantee
that for variational solutions there is no free boundary inside Ω, see Theorem 1.2. Estimates
of this sort were obtained in the model case p = 1 ([12, 47]) and in the sublinear case ([1]),
see also [5] and [14]. Therefore, for variational solutions, it seems that we have the first explicit
conditions which guarantee that there is no free boundary inside Ω in the superlinear case p > 1.
On the other hand, for p > 1 we have recently found in [9] a relation between the positivity
threshold and the best constant of the Sobolev embedding H10 (Ω) →֒ L
2p(Ω). Our result here is
the following.
Theorem 1.1. Let p ∈ [1,+∞) and let (αλ, ψλ) be a solution of (P)λ. Then the following holds.
1. (L∞-bound):
‖ψλ‖∞ <
p
4π
(
p+ 1
p
+
λp
4π
)
. (1.3)
2. (Positivity threshold):
αλ > 0 for λ ≤
16π
e(p + 1)
. (1.4)
Moreover,
αλ >
1
2
for λ ≤
4π
ep
,
αλ > max
{
1
2
,
1
q
}
for λ ≤
4π
ep ℓ(Ω)
.
(1.5)
We point out that, concerning the L∞-bound (1.3), a better estimate holds true, see Proposi-
tion 2.1. It is interesting to compare our result with the only explicit estimates we have at hand,
that is for the model case p = 1 in the radial setting Ω = D. For example, for the unique solution
ψ0 of (P)λ for λ = 0, satisfying (1.1), one has ‖ψ0‖L∞(D) =
1
4pi , while from our L
∞-bound in
Proposition 2.1 we have ‖ψ0‖L∞(D) ≤
√
2
4pi .
On the other hand, for p = 1 we know by [12, 47] that αλ > 0 if and only if λ < λ
(1)(Ω), λ(1)(Ω)
being the first eigenvalue of −∆ on Ω with Dirichlet boundary conditions. In the particular case
Ω = D we have λ(1)(D) ≃ 16pi
e
. Observe that our positivity threshold (1.4) is λ ≤ 8pi
e
for p = 1.
Finally, by the monotonicity of αλ ([9]) and the uniqueness of solutions for p = 1 ([40, 47]),
one can conclude that, for Ω = D, αλ >
1
2 if and only if λ ≤ λ 12
(D), where λ 1
2
(D) is the first
eigenvalue of −∆ on D with boundary value 12 . Easy numerics shows that λ 12
(D) ≃ 1.57 4pi
e
. Our
threshold here is (1.5), i.e. λ ≤ 4pi
e
for p = 1.
Therefore it seems that we are not too far from optimality, at least in the known explicit cases.
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We next turn to the study of the so-called variational solutions of (F)I and (P)λ introduced in
[12, 47], see also [3, 4, 5, 6]. For any plasma density
ρ ∈ PΩ :=
{
ρ ∈ L1+
1
p (Ω) |ρ ≥ 0 a.e. in Ω
}
,
and λ ≥ 0, we define the free energy,
Jλ(ρ) = pp+1
∫
Ω
(ρ)
1+ 1
p −
λ
2
∫
Ω
ρG[ρ], (1.6)
whereG[ρ](x) =
∫
ΩGΩ(x, y)ρ(y) dy andGΩ is the Green function of −∆with Dirichlet boundary
conditions on Ω. We then consider the minimization problem
J (λ) = inf
{
Jλ(ρ) : ρ ∈ PΩ,
∫
Ω
ρ = 1
}
.
We know from [12, 47] that for each λ > 0 there exists at least one ρ
λ
which solves the latter
problem. In particular, if αλ ≥ 0, then any minimizer ρλ yields a solution (αλ, ψλ) of (P)λ where
ψλ = G[ρλ]. Any such solution is called a variational solution of (P)λ. Again, for p > 1, there
is an equivalent dual variational principle for (F)I which we will not discuss here, see [12] and
Appendix A in [9] for further detials.
Concerning the positivity threshold for variational solutions we know by [4, 47] (see also Corollary
A.1 in [9]) the following.
Theorem A ([4, 47]). Let p ∈ [1,+∞) and (αλ, ψλ) be a variational solution of (P)λ. Then
there exists λ∗∗(Ω, p) ∈ (0,+∞) such that αλ > 0 if and only if λ ∈ (0, λ∗∗(Ω, p)).
Excluding the model cases p = 1, where it is well-known that the sharp positivity threshold
is λ∗∗(Ω, 1) = λ(1)(Ω), explicit estimates for λ∗∗(Ω, p) were not known so far. Our result is the
following.
Theorem 1.2. For p ∈ [1,+∞), the positivity threshold for variational solutions of (P)λ sat-
isfies,
λ∗∗(Ω, p) >
16π
e(p+ 1)
. (1.7)
Actually, the estimate for λ∗∗(Ω, p) in (1.7) can be improved depending on the range of the
exponent p, see Remark 2.5.
The idea behind the proofs of the main results is to exploit the role of the energy associated to
a solution (αλ, ψλ) of (P)λ defined as
Eλ =
1
2
∫
Ω
|∇ψλ|
2,
which turns out to be related to the density interaction energy E(ρ) = 12
∫
Ω ρG[ρ] for a plasma
density ρ ∈ L1(Ω). Indeed, it is easily seen that Eλ = E(ρλ) whenever ψλ = G[ρλ]. First, we
manage to control the L∞-norm of a solution by means of its energy and then the uniform bound
follows by a sharp estimate on the energy recently derived in [9], see Proposition A below. Once
the L∞-bound is obtained, we exploit it to deduce the positivity threshold.
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2. Proof of the main results
We collect in this section the proof of the main results. We divide the argument in several
steps. Letting (αλ, ψλ) be a solution of (P)λ, it will be convenient to use the auxiliary function
uλ = λψλ which satisfies 

−∆uλ = λ (αλ + uλ)
p in Ω∫
Ω
(αλ + uλ)
p = 1
uλ ≥ 0 in Ω, uλ = 0 on ∂Ω
αλ ≥ 0.
(2.1)
We point out that we already know by [12] that the L∞-norm of uλ is uniformly bounded (see
also Proposition 2.1 below) and so we assume without loss of generality that
θλ := uλ(0) = ‖uλ‖L∞(Ω).
Since
∫
Ω (αλ + uλ)
p = 1, then necessarily for any solution and for λ > 0,
(αλ + θλ)
p > 1. (2.2)
As mentioned above, we will crucially use the energy of a solution (αλ, ψλ) of (P)λ,
Eλ =
1
2
∫
Ω
|∇ψλ|
2,
for which the following sharp estimate holds true.
Proposition A ([9]). Let p ∈ [1,+∞) and (αλ, ψλ) be a solution of (P)λ. Then it holds,
2λ
(
p+ 1
16π
−Eλ
)
≥ αλ(1− α
p
λ), (2.3)
where the equality holds if and only if Ω = D. In particular,
Eλ ≤
p+ 1
16π
, (2.4)
and the equality holds if and only if Ω = D and αλ = 0.
We start now with the universal explicit L∞-bound. Here Γ(p) is the Euler Gamma function.
Proposition 2.1. Let p ∈ [1,+∞) and (αλ, ψλ) be a solution of (P)λ. Then it holds,
‖ψλ‖∞ ≤
k˜p
4π
(αλ + 2λEλ)
p
p+1 , (2.5)
where k˜p = (Γ(p+ 2))
1
p+1 . In particular we have,
‖ψλ‖∞ <
p
4π
(
p+ 1
p
+
λp
4π
)
. (2.6)
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Proof. Suppose first λ > 0. Let us define,
kp(Ω) =
(∫
Ω
G
p+1
Ω (0, y)
) 1
p+1
,
then, by the Green representation formula and the Holder inequality we see that,
θλ
λ
=
∫
Ω
GΩ(0, y) (αλ + uλ(y))
p ≤ kp(Ω)
(∫
Ω
(αλ + uλ)
p+1
) p
p+1
=
kp(Ω)
(
αλ +
∫
Ω
(αλ + uλ)
p uλ
) p
p+1
= kp(Ω) (αλ + 2λEλ)
p
p+1 .
By a well know result in [2] (or either by some estimates due to R. Talenti ([45])) one can see
that, ∫
Ω
G
p+1
Ω (0, y) ≤
∫
Ω
G
p+1
D
(0, y) =
Γ(p+ 2)
(4π)p+1
,
and then we deduce that,
‖ψλ‖∞ =
θλ
λ
≤
k˜p
4π
(αλ + 2λEλ)
p
p+1 ,
which is (2.5) for λ > 0. Letting now λ→ 0+ and using the fact that ψλ depends continuously
on λ ([9]) we conclude that (2.5) holds for λ = 0 as well.
Concerning (2.6), we deduce from (2.5) and (2.4) that,
‖ψλ‖∞ ≤
p
4π
k˜p
p
(
αλ +
λp
8π
p+ 1
p
) p
p+1
<
p
4π
1 + p
p
(
1 +
λp
4π
p+ 1
2p
) p
p+1
≤
p
4π
1 + p
p
(
1 +
λp
4π
) p
p+1
≤
p
4π
1 + p
p
(
1 +
p
p+ 1
λp
4π
)
=
p
4π
(
1 + p
p
+
λp
4π
)
,
where we used k˜p < 1 + p.

We next turn to the estimates about the positivity threshold. Recalling the definition of ℓ(Ω) in
(1.2), we start with the following preliminary result.
Lemma 2.2. Let p ∈ [1,+∞) and (αλ, ψλ) be a solution of (P)λ. Then it holds,
θλ ≤
λ
2π − λp
ℓ(Ω) for λ <
2π
p
. (2.7)
Proof. For λ = 0, (2.7) is trivially satisfied. Consider now λ > 0. By the Green representation
formula we have,
θλ
λ
=
1
2π
∫
Ω
G0(y) (αλ + uλ(y))
p =:Mλ, (2.8)
where
G0(y) = 2πGΩ(0, y).
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Now if αλ = 1 then uλ ≡ 0 and (2.7) holds true. Thus we can assume w.l.o.g. that αλ ∈ [0, 1).
Therefore
(αλ + uλ|∂Ω)
p = αpλ < 1
and we define
Ω+ = {y ∈ Ω : (αλ + uλ(y))
p > 1} , Ω− = {y ∈ Ω : (αλ + uλ(y))
p ≤ 1} ,
which both have nonempty interior (recall also (2.2)).
Since G0(y) > 0 in Ω, by using the inequality ab ≤ e
a + b log(b)− b, a > 0, b ≥ 1, we find that,
Mλ =
1
2π
∫
Ω−
G0(y) (αλ + uλ(y))
p +
1
2π
∫
Ω+
G0(y) (αλ + uλ(y))
p <
1
2π
∫
Ω−
G0(y) +
1
2π
∫
Ω+
eG0(y) +
1
2π
∫
Ω+
(αλ + uλ(y))
p (log (αλ + uλ(y))
p − 1) ≤
1
2π
∫
Ω−
(
eG0(y) − 1
)
+
1
2π
∫
Ω+
(
eG0(y) − (αλ + uλ(y))
p
)
+
1
2π
∫
Ω+
(αλ + uλ(y))
p log (αλ + uλ(y))
p <
1
2π
∫
Ω
(
eG0(y) − 1
)
+
1
2π
∫
Ω+
(αλ + uλ(y))
p log (αλ + uλ(y))
p .
By a classical isoperimetric inequality due to Huber ([27]) we have,
∫
Ω
eG0(y) ≤
1
2π

 ∫
∂Ω
e
1
2
G0(y)


2
=
1
2π
|∂Ω|2,
and since |Ω| = 1 we conclude that,∫
Ω
(
eG0(y) − 1
)
≤
1
2π
|∂Ω|2 − 1 = ℓ(Ω).
Therefore we find that,
Mλ <
ℓ(Ω)
2π
+
1
2π
∫
Ω+
(αλ + uλ(y))
p log (αλ + uλ(y))
p <
ℓ(Ω)
2π
+ log (αλ + θλ)
p 1
2π
∫
Ω+
(αλ + uλ(y))
p <
ℓ(Ω)
2π
+ log (αλ + θλ)
p 1
2π
∫
Ω
(αλ + uλ(y))
p ,
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that is
θλ ≤
λ
2π
ℓ(Ω) +
λ
2π
log (αλ + θλ)
p <
λ
2π
ℓ(Ω) +
λp
2π
θλ,
which, for λp < 2π, immediately implies that (2.7) holds. 
At this point we show a first bound from below for the boundary value αλ.
Proposition 2.3. Let p ∈ [1,+∞) and (αλ, ψλ) be a solution of (P)λ. Then it holds,
αλ >
1
q
for λ ≤
4π
ep ℓ(Ω)
.
Proof. For λ = 0 we already know that αλ = 1 and the thesis holds true. We thus consider
λ > 0. We argue by contradiction and assume that αλ ≤
1
q
for some λ ≤
4π
ep ℓ(Ω)
.
First of all, since ℓ(Ω) ≥ 1, we have
λp ≤
4π
eℓ(Ω)
≤
4π
e
< 2π, ∀λ ≤
4π
ep ℓ(Ω)
. (2.9)
Therefore we can use (2.7), which yields,
θλ ≤
1
p
2ℓ(Ω)
eℓ(Ω)− 2
=:
1
p
a0, ∀λ ≤
4π
ep ℓ(Ω)
, (2.10)
and a0 is always positive and well defined since eℓ(Ω)− 2 ≥ e − 2 > 0. We can assume w.l.o.g.
that a0 > 1, since otherwise we would find that
(αλ + θλ)
p ≤
(
1
q
+ θλ
)p
≤
(
1−
1
p
+
a0
p
)p
≤ 1,
which contradicts (2.2). Then we have,
(αλ + θλ)
p ≤
(
1 +
a0 − 1
p
)p
,
and by (2.8) also that,
θλ <
λκ(Ω)
4π
(
1 +
a0 − 1
p
)p
≤
λ
4π
(
1 +
a0 − 1
p
)p
,
where
κ(Ω) = 4π
∫
Ω
GΩ(0, y) = 4π sup
x∈Ω
∫
Ω
G(x, y)dy
and we used a classical rearrangement result [45], which speaks that,
κ(Ω) = 4π sup
x∈Ω
∫
Ω
G(x, y)dy ≤ 4π sup
x∈D
∫
D
GD(x, y) = 4π
∫
D
GD(0, y) = 1.
As a consequence we conclude that,
if θλ ≤
1
p
a0, then θλ <
1
p
1
e
(
1 +
a0 − 1
p
)p
, ∀λ ≤
4π
ep ℓ(Ω)
. (2.11)
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In view of (2.11) we can iterate the argument and conclude in particular that, for any n ≥ 1
such that an−1 > 0 it holds,
θλ <
1
p
an =
1
p
h(an−1), ∀λ ≤
4π
ep ℓ(Ω)
, (2.12)
where
h(t) =
1
e
(
1 +
t− 1
p
)p
, t ∈ (0,+∞).
However, it is trivial to check that if t ∈ [1, 3], then h(t) − t ≤ max{h(1) − 1, h(3) − 3} ≤
max
{
1
e
− 1, 1
e
(
1 + 2
p
)p
− 3
}
< e− 3, for any p ≥ 1. Since
1 < a0 =
2ℓ(Ω)
eℓ(Ω)− 2
≤
2
e− 2
< 3,
then a1 = h(a0) ≤ a0+e−3 and for any n ≥ 2 such that an−1 > 1, we have an ≤ a0+n(e−3) ≤
2
e−2 + n(e− 3). Therefore an1 ≤ a0 + n1(e− 3) < 1, for some n1 ≥ 2, and θλ <
1
p
an1 <
1
p
. As a
consequence we conclude that,
(αλ + θλ)
p <
(
1−
1
p
+
1
p
)p
≤ 1,
which contradicts once more (2.2). This is the desired contradiction which concludes the proof
of Proposition 2.3. 
Finally, we derive the following universal explicit estimates about the positivity threshold.
Proposition 2.4. Let p ∈ [1,+∞) and (αλ, ψλ) be a solution of (P)λ. Then it holds,
αλ >
1
2
for λ ≤
4π
ep
.
Moreover,
if αλ = 0 then λ >
16π
e(p + 1)
. (2.13)
Remark 2.5. Actually, we can prove that there exists an increasing function g : [1,+∞) 7→
[8pi
e
,+∞) satisfying g(t) ≥ 16pi
e(t+1) , t ∈ [1, 4], g(t) ≥
16pi
et
, t ∈ [4, 16], g(t) ≥ 16pi
et
t+1
t
, t ∈ [16, 24],
g(t) ≥ 24pi
e(t+1) , t ∈ [24, 48], g(t) ≥
24pi
et
3
2 , t ∈ [48,+∞], such that if (αλ, ψλ) is a solution of (P)λ
with αλ = 0 then λ > g(p). We skip the details of this fact which can be derived by the same
arguments used in the proof of Proposition 2.4.
Proof. We postpone the proof of (2.13) and start to deduce the first assertion. By (2.13) we can
actually assume that αλ > 0. Suppose then by contradiction that αλ ≤
1
2 for some λ ≤
4π
ep
. If
1−
16πEλ
p+ 1
≤ αλ,
then we deduce from (2.3) that
λ
8π
(p + 1) ≥ 1− αpλ,
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that is,
α
p
λ ≥ 1−
1
e
p+ 1
2p
, whenever λ ≤
4π
ep
.
Since 1− 1
e
p+1
2p ≥ 1−
1
e
, for any p ≥ 1, then we also have,
1
2
≥ αλ ≥ α
p
λ ≥ 1−
1
e
,
which is a contradiction. Therefore it holds,
1−
16πEλ
p+ 1
> αλ,
that is
Eλ <
p+ 1
16π
(1− αλ).
At this point we use (2.5), recalling uλ = λψλ, and deduce that,
θλ ≤
λ
4π
k˜p (αλ + 2λEλ)
p
p+1 <
λ
4π
k˜p
(
αλ +
λp
4π
p+ 1
2p
(1− αλ)
) p
p+1
≤
k˜p
ep
(
αλ +
1
e
p+ 1
2p
(1− αλ)
) p
p+1
, whenever λ ≤
4π
ep
. (2.14)
The function f(t, α) = k˜t
e
(
α+ 1
e
t+1
2t (1− α)
) t
t+1 , t ≥ 1, α ≤ 12 , satisfies,
f(t, α) ≤ f
(
t,
1
2
)
≤
t
2
≤ t(1− α),∀ t ≥ 1,∀α ≤
1
2
,
and we readily infer from (2.14) that,
θλ < (1− αλ),
which is a contradiction to (2.2). This completes the proof of the first part of the claim.
We next turn to the estimate (2.13). We first infer from (2.5) that, whenever αλ = 0, it holds,
θλ ≤
λ
4π
k˜p (2λEλ)
p
p+1 .
In particular, since by (2.4) we have Eλ ≤
p+1
16pi , then we conclude that,
θλ ≤ 2k˜p
λ
8π
(
λp
8π
p+ 1
p
) p
p+1
, (2.15)
whenever αλ = 0. At this point we can prove (2.13). Assume by contradiction that for some
λ ≤ 16pi
e(p+1) there exists a solution of (P)λ with αλ = 0. Therefore, after a straightforward
evaluation, it follows from (2.15) that if λ ≤ 16pi
ep
p
p+1 then,
θλ ≤
2k˜p
p
2p
e(p+ 1)
(
2
e
) p
p+1
.
The function f1(t) = 2k˜t
2t
e(t+1)
(
2
e
) t
t+1 , t ∈ [1,+∞), satisfies, f1(t) < t,∀ t ∈ [1,+∞) and then
we deduce that θλ < 1 for p ∈ [1,+∞) which contradicts (2.2) (with αλ = 0). 
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We can now complete the proof of the main results.
Proof of Theorem 1.1. The L∞-bound (1.3) is proved in Proposition 2.1, while the estimates on
the positivity threshold (1.4) and (1.5) are deduced in Propositions 2.3 and 2.4. 
Proof of Theorem 1.2. By Theorem A in the introduction we know that for variational solutions
of (P)λ αλ > 0 if and only if λ < λ
∗∗(Ω, p). Since for λ ≤ 16pi
e(p+1) we have αλ > 0 for any solution
of (P)λ, then necessarily
λ∗∗(Ω, p) >
16π
e(p + 1)
,
which proves (1.7). 
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